We present a theory of the Seebeck effect in nanoscale ferromagnets with dimensions smaller than the spin diffusion length. The spin accumulation generated by a temperature gradient strongly affects the thermopower. We also identify a correction arising from the transverse temperature gradient induced by the anomalous Ettingshausen effect. The effect of an induced spin-heat accumulation gradient is considered as well. The importance of these effects for nanoscale ferromagnets is illustrated by ab initio calculations for dilute ferromagnetic alloys.
We present a theory of the Seebeck effect in nanoscale ferromagnets with dimensions smaller than the spin diffusion length. The spin accumulation generated by a temperature gradient strongly affects the thermopower. We also identify a correction arising from the transverse temperature gradient induced by the anomalous Ettingshausen effect. The effect of an induced spin-heat accumulation gradient is considered as well. The importance of these effects for nanoscale ferromagnets is illustrated by ab initio calculations for dilute ferromagnetic alloys. The emerging field of spin caloritronics [1] [2] [3] addresses the coupling between the spin and heat transport in small structures and devices. The effects addressed so far can be categorized into several groups [2] . The first group covers phenomena whose origin is not connected to spinorbit coupling (SOC). Nonrelativistic spin caloritronics encompasses thermoelectric effects in magnetic conductors, in which motion of electrons in a thermal gradient is accompanied by spin transport, such as the spindependent Seebeck [4] and Peltier [5, 6] effect. Another group of phenomena is caused by SOC and belongs to relativistic spin caloritronics [2] including the anomalous [7] and spin [8] [9] [10] [11] Nernst effect.
The Seebeck effect [12] stands for the generation of an electromotive force or gradient of the electrochemical potential µ by bias in the temperature T . The thermopower S is defined as the proportionality factor for an open circuit configuration in which the charge current j vanishes:
In the two-current model for spin-polarized systems, the thermopower depends on its spin-resolved counterparts
where σ ± are the spin-resolved longitudinal conductivities.
In this Letter, we study the Seebeck effect in nanoscale ferromagnets with a size equal or less than their spin diffusion length [13] . See Figure 1 for a schematic drawing of the setup considered here. We assume open-circuit conditions in y and z direction but apply electronically insulating thermal baths acting as ideal heat current sink (source) in x direction. We demonstrate that the corresponding thermopower deviates from the expression given by Eq. (2). This is caused by the contribution of spin accumulation in samples smaller than the spin diffusion length. Thus, our findings are illustrated by consideration of dilute ternary alloys, which consist of a Cu host with magnetic Mn and nonmagnetic Ir impurities. This special choice provides a continuous transition from S + = S − via the case of S + and S − different but having the same sign to a situation with opposite sign, which can be tuned by the relative amount between the two types of impurities. The thermoelectric effects discussed here can be separated from those caused by collective excitations, such as the magnon drag effects [14] on the thermopower, which are suppressed at low and high temperatures.
Within the two-current model [15] [16] [17] , the charge (j) and the heat (q) current densities read as
Here,σ ± ,Ŝ ± , andκ ± are the spin-resolved counterparts of charge conductivity, Seebeck coefficient, and heat conductivity, respectively. In contrast to the simplified treatment of Eqs. (1) and (2), the transport coefficients are tensors which is related to the crystalline symmetry or to SOC.
The "four-current model" of Eqs. (3) and (4) can be rewritten as
(5) for the charge current density j = j + + j − , the spin current density j s = j + − j − , the heat current density q = q + + q − , and the spin-heat current density q s = q + − q − . Here, we introduced the conductivity tensors for chargeσ =σ
− , and spin heatκ (6) and the gradients of the spin accumulation µ s = µ + − µ − [17] [18] [19] [20] and the spin-heat accumulation
Finally, the tensorŝ
in Eq. (5) describe the charge and spin-dependent Seebeck coefficients, respectively. The diagonal component S ii , where i is related to the direction of the applied temperature gradient, corresponds to the thermopower given by Eq. (2). In the following we apply Eq. (5) to the Seebeck effect in nanoscale ferromagnets assuming their size to be smaller than the spin diffusion length. In this case the spin-flip scattering may be neglected [27] . For now we disregard ∇T s but return to its effects at the end. We adopt open-circuit conditions in all direction but thermal contacts to two heat reservoirs at both ends that control the applied temperature gradient. Under these conditions charge and spin currents vanish everywhere in the sample and The charge thermopower according to Eqs. (10)- (12) differs from the conventional expression (2). Let us therefore define the tensorΣ as (∇µ/e) j=0 =Σ∇T (13) and, from Eqs. (10) and (11), we find
If we set the spin accumulation to zero in Eq. (10), we recoverΣ =Ŝ. By Eqs. (8) and (9) and the definition ofσ andσ s we can rewrite Eq. (14) into the compact form
which is conceptually attractive. On the other hand, Eq. (14) involves directly measurable material parameters only [28] . In analogy withΣ of Eq. (13), the spin polarization of the Seebeck coefficient can be introduced as
which governs the spin accumulation caused by the applied temperature gradient. Similar to Eq. (14),
which is identical tô
The diagonal elements ofΣ describe the thermovoltage in the direction of the temperature gradient. The offdiagonal elements ofΣ represent transverse thermoelectric phenomenona like the anomalous [7] and planar [29] Nernst effects. In the absence of crystalline anisotropies, the diagonal and off-diagonal elements ofΣ s describe the spin-dependent Seebeck effect [2, 4] and the spin and planar spin Nernst effect [8] [9] [10] [11] , respectively.
Let us assume a temperature gradient in x direction: ∇T e x . Then, for the induced voltage the observable is
According to Eqs. (14) and (15), the thermopower differs from the conventional expression (2) . In order to assess the importance of this difference we carried out firstprinciples transport calculations for the ternary alloys Cu(Mn 1−w Ir w ), using the method described in Ref. 30 . Here, w ∈ [0, 1] is a weighting factor, while the total impurity concentration is fixed to 1 at.%. We obtain the transport properties by solving the linearized Boltzmann equation [31, 32] . Since the size of the considered systems is assumed to not exceed the spindiffusion length, the spin-flip transitions were disregarded in the computations [32] . The electronic structure was obtained by means of the relativistic Korringa-KohnRostoker method [33] . The thermopowers, Eqs. (8) or (14) and (15), calculated at room temperature, are displayed in Fig. 2 together with the spin-resolved counterparts, Eqs. (17) (18) . Some additional information is provided in Table I , where the binary alloys Cu(Mn) and Cu(Ir) correspond to w = 0 and w = 1 in Fig. 2 , respectively. For the former, ferromagnetic order of the impurity magnetic moments is assumed, whereas the latter is nonmagnetic. We observe a large difference between S can become even larger than both the microscopic as well as macroscopic thermopower, i.e. the spin-dependent Seebeck effect can be more efficient than the Seebeck effect, as has been measured by Hu et al. [34] for CoFeAl. Our calculations illustrate that the spin-dependent Seebeck effect can be engineered and maximized by doping a host material with impurities.
The temperature gradient ∇T equals the externally applied temperature bias only in the limit of ideal reservoirs in which heat currents are not affected by boundary conditions. In the absence of (ideal) Hall contacts, the SOC can cause transverse temperature gradients. Let us consider magnetic cubic systems with spin quantization axis in z direction. The charge and spin conductivity tensors then have the following antisymmetric form
as have the tensorsŜ andŜ s . For open transverse circuit conditions, a charge current in x direction generates a transverse temperature gradient by the anomalous Ettingshausen effect [35] . The SOC causes an induced temperature gradient in y direction: ∇T in e y . From (8) and (14), respectively, as well as the spin-resolved thermopowers S ± as calculated for dilute Cu(Mn1−wIrw) alloys at 300 K with the total impurity concentration 1 at.%.
Eqs. (12), (13), and (16)
where ∇T = e x ∇ x T ex + e y ∇ y T in . With q y = 0 Eq. (21) leads to
where A yx and A yy are components of the tensor
Consequently, Eq. (13) leads to
which corrects the measurable thermopower. However, the off-diagonal components of the transport matrices induced by the SOC are typically two orders of magnitude smaller than the diagonal ones [36] [37] [38] [39] . Therefore, this correction should be small for all but the heaviest elements. It should be noted however that for the particular case where Σ xx vanishes which is possible according to Fig. 2 at around w = 0.125 the relativistic effects will be dominant.
We proceed with addressing the contribution of the hitherto disregarded effect of the spin temperature gradient ∇T s on the Seebeck effect that is believed to persist over length scales of the same order as the spin accumulation. From Eqs. (3), (15) , and (18) it follows
Starting with Eq. (5) and employing Eqs. (25) and (26), for the heat and spin-heat current density we obtain q =Â∇T +B∇T s /2 and q s =B∇T +Â∇T s /2 , (27)
andÂ is defined by Eq. (23). With ∇T s = e y ∇ y T s in and ∇T = e x ∇ x T ex + e y ∇ y T in we find (∇ x µ/e) j=0 = Σ xx ∇ x T ex + Σ xy ∇ y T in + Σ (29) can be significant in comparison with Σ xx . Indeed, Fig. 2 shows that Σ xx vanishes for w = 0.125. In such a situation the thermopower sensitively depends on the heat accumulation in the sample. However, experimentally it is difficult to disentangle its contribution introduced in Eq. (29) from the one caused by the transverse temperature gradient as given by Eq. (24) .
In summary, we derived expressions for the thermopower valid for nanoferromagnets whose size does not exceed the spin diffusion length. In order to quantify this approximation we performed calculations for the spin diffusion length in the considered system. Given the atomic weight, the SOC induced by Ir impurities will dominate the spin relaxation. Following the same procedure as outlined in Refs. [36, 39] we can estimate the spin diffusion length to be 70 nm, for an impurity concentration of 0.23 at.% and a longitudinal conductivity σ xx = 0.7(µΩcm) −1 . With the dimensions of the sample at this order of magnitude, the spin accumulation can strongly affect the charge accumulation induced by an applied temperature gradient. Changing the ratio between the dimension in x, y and z directions would allow to consider spin accumulations along the applied temperature gradient and perpendicular to it separately. Consequently, the relevant thermopower can drastically differ from the bulk value. This is illustrated by ab initio calculations of the transport properties of Cu(Mn 1−w Ir w ) alloys, where even a sign change relative to the bulk value is possible. We find that relativistic effects on the obtained thermopower can be significant and essential in particular for cases where the longitudinal thermopower Σ xx vanishes. This can be achieved by fine tuning the ratio between the different types of impurities. In our example of Cu(Mn 1w Ir w ) alloys it occurs at around w = 0.125. 
